Reciprocal relativity of noninertial frames and the quaplectic group by Low, Stephen G.
ar
X
iv
:m
at
h-
ph
/0
50
60
31
v3
  2
9 
A
ug
 2
00
5
RECIPROCAL RELATIVITY OF NONINERTIAL FRAMES AND
THE QUAPLECTIC GROUP
STEPHEN G. LOW
Abstrat. Newtonian mehanis has the onept of an absolute inertial rest
frame. Speial relativity eliminates the absolute rest frame but ontinues to
require the absolute inertial frame. General relativity solves this for gravity
by requiring partiles to have loally inertial frames on a urved position-time
manifold. The problem of the absolute inertial frame for other fores remains.
We look again at the transformations of frames on an extended phase spae
with position, time, energy and momentum degrees of freedom. Under nonrel-
ativisti assumptions, there is an invariant sympleti metri and a line element
dt2. Under speial relativisti assumptions the sympleti metri ontinues to
be invariant but the line elements are now −dt2+ 1
c2
dq2 and dp2− 1
c2
de2. Max
Born onjetured that the line element should be generalized to the pseudo- or-
thogonal metri −dt2+ 1
c2
dq2+ 1
b2
(dp2− 1
c2
de2). The group leaving these two
metris invariant is the pseudo-unitary group of transformations between non-
inertial frames. We show that these transformations eliminate the need for an
absolute inertial frame by making fores relative and bounded by b and so em-
bodies a relativity that is reiproal in the sense of Born. The inhomogeneous
version of this group is naturally the semidiret produt of the pseudo-unitary
group with the nonabelian Heisenberg group. This is the quapleti group.
The Heisenberg group itself is the semidiret produt of two translation groups.
This provides the nonommutative properties of position and momentum and
also time and energy that are required for the quantum mehanis that results
from onsidering the unitary representations of the quapleti group.
1. Introdution
This year is the one hundredth anniversary of Einstein's speial relativity theory
that hanged our onept of spae and time by ombining the separate onepts of
spae and time into a unied four dimensional spae-time. Newtonian mehanis
has the onept of an absolute inertial rest frame that all observers agree upon, and
furthermore all observers agree upon a single universal onept of time. Speial
relativity eliminates the absolute rest frame and the universal onept of time, but
an absolute inertial frame that all observers agree upon ontinues to exist.
General relativity eliminates the need for an absolute inertial frame for grav-
itational fores by requiring partiles under the inuene of gravity to be in a
urved spae-time manifold. In this urved spae-time, gravitating partiles follow
geodesis and therefore are loally inertial. In this sense, gravity is no longer a fore
that auses partiles to transition to noninertial frames. This sidesteps the issue
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of a global inertial frame by eliminating the onept of noninertial frames as all
frames for partiles that are only under the inuene of gravity are loally inertial.
However, if other fores are onsidered, the question of the absolute inertial frame
reemerges. Return again to the ase where the underlying spae-time manifold is
at. Speial relativity eliminates the problem of the absolute rest frame, simply by
showing that there is no absolute rest frame. Veloities are meaningful only between
observers assoiated with partile states and the relative veloity is bounded by c.
Can we follow this approah of speial relativity and simply eliminate the onept
of a global inertial frame? The answer to this, remarkably, is yes. Fores an
be made relativisti also so that rates of hange of momentum are meaningful
only between partile states (and not relative to some absolute inertial frame) and
furthermore are bounded by a universal onstant b. However, with the elimination
of the absolute inertial frame, spae-time takes on even more unusual properties
than the four dimensional ontinuum introdued by speial relativity.
The rst step is to formulate the transformations of noninertial frames as the a-
tion of a more general group. The key to this is the observation that nonrelativisti
Hamilton's mehanis is a ontinuous unfolding of a anonial transformation. As
this represents all possible motions of a lassial point partile, these frames are
generally noninertial. Hamilton's equations may be formulated as a group of trans-
formations of frames on time-position-momentum-energy spae. These equations
leave invariant the sympleti metri, and are therefore anonial, as well as the
invariant nonrelativisti line element, ds2 = dt2. These transformations desribe
general noninertial frames in the nonrelativisti ontext where there is an absolute
inertial rest frame.
Next, onsider frames on time-position-momentum-energy spae under speial
relativisti transformations. Speial relativity eliminates the onept of the abso-
lute rest frame by requiring the invariane of the line element ds2 = −dt2+ 1c2 dq2 on
position-time spae and the line element dµ2 = − 1c2 de2+dp2 on energy-momentum
spae. However, requiring these line elements to be independently invariant re-
quires the anonial frame to be an inertial frame. To regain the general nonin-
ertial transformation equations of the nonrelativisti ase, we must ombine these
two line elements into a single line element dened by the Born-Green metri [1℄
ds2 = −dt2 + 1c2 dq2 + 1b2 (dp2 − 1c2 de2). Now we have two metris that must be
invariant under the transformations, the sympleti metri and the Born-Green
orthogonal metri. The required group in n dimensions is U(1, n) with n = 3
orresponding to the usual physial ase.
The introdution of the Born-Green metri enables the group of transformations
to again inlude noninertial frames on time-position-momentum-energy spae. The
full group, U(1, n),desribes the transformations between frames that are anonial
and noninertial. The remarkable fat is that, for these transformations, there
is no longer an absolute inertial frame nor an absolute rest frame. Fores have
beome relative and are bounded by b. Veloities ontinue to be relative and are
bounded by c. We all this reiproal relativity. There is also no longer an absolute
onept of position-time spae that all observers agree on. The determination
of the position-time subspae of the time-position-momentum energy spae has
beome observer frame dependent. Under extreme noninertial onditions, that is,
very strongly interating partiles, all of the time, position, momentum and energy
degrees of freedom are mixed under this group of transformations that takes us
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from one noninertial observer to another. Simply put, momentum and energy an
be transformed into position and time.
This generalization is very analogous to time beoming relative in the speial
relativity theory. In Newtonian mehanis, the Lorentz group ontrats in the limit
c → ∞ to the Eulidean group. The Eulidean group ating on the frame leaves
time invariant. Consequently, time is absolute in the sense that the determination
of the time subspae of the position-time manifold is ommon to all observers.
Under the ation of the Lorentz group in speial relativity, time is observer frame
dependant and so there is no longer an absolute onept of time.
These transformations redue to the anonial transformations between iner-
tial frames of speial relativity if the rate of hange of momentum between the
observers is zero. In this ase, the transformation equations redue to the usual
speial relativity Lorentz group transformations that at separately on position-
time and energy-momentum spae. The onept of a position-time spae and
energy-momentum spae, on whih all inertial observers agree, reemerges.
Up until this point we have been disussing the homogeneous group that gen-
eralizes the onept of the Lorentz group to noninertial frames. The basi wave
or eld equations of speial relativisti quantum mehanis arise from the study
of the unitary irreduible representations of the Poinaré group [2℄. The Poinaré
group is the semidiret produt of the Lorentz group with the abelian translation
group. The Hermitian representations of the eigenvalue equations of the Casimir
invariant operators dene the free partile (or inertial frame) basi wave equations,
the Klein-Gordon, Dira, Maxwell equations and so forth.
Simply onsidering the semidiret produt of the U(1, n) group of reiproal
relativity with the abelian translation group does not work. First, a basi priniple
of quantum mehanis is that the position and momentum and energy and time
degrees of freedom do not ommute. In fat, in nonrelativisti quantum mehanis,
position and momentum are realized as the Hermitian representation of the algebra
assoiated with the unitary irreduible representations of the Heisenberg group.
The Heisenberg group itself is a real matrix Lie group that is the semidiret produt
of two translation groups, H(n) = T (n) ⊗s T (n+ 1). As a real matrix group, the
Heisenberg Lie algebra is
[P,Q] = I, [E, T ] = −I
The quapleti group is then dened as the semidiret produt
Q(1, n) = U(1, n)⊗s H (n+ 1) .
It is important to emphasize that the non-ommutative property of the position and
momentum and the energy and time degrees of freedom therefore appear already
in the lassial (i.e. non quantum) formulation. That is, this may be viewed simply
as a nonommutative geometry on the 2n+ 4 dimensional spae Q(1, n)/SU(1, n)
analogous to Minkowski spae P(1, n)/SO(1, n). For n = 3, this spae has 10
dimensions.
The quantum theory of the partiles in the noninertial frames then follows di-
retly by onsidering the unitary irreduible representations of the quapleti group.
Note that the expeted Heisenberg relations follow diretly from the Hermitian rep-
resentations of the algebra orresponding to unitary irreduible representations of
the Heisenberg group. The wave equations that result are derived in [3℄. By way
of example, the equivalent in this theory of the salar equation is the relativisti
4 STEPHEN G. LOW
osillator. It is derived diretly from the Hermitian representations of the eigen-
value equation for the Casimir invariants in the salar representation. The Casimir
invariant is by denition an invariant of the quapleti group, and in partiular,
is invariant under Heisenberg nonabelian translations. This is exatly the method
used to ompute the free partile wave equations from the Poinaré group.
Returning again to the lassial (ie non-quantum), but nonabelian theory, there
is another fundamental motivation for why the inhomogeneous group annot be the
abelian translations. Clearly, if a general relativity type theory is to be onsidered
in this framework, it must be possible to admit manifolds that are not at. Shuller
[4℄ has proven a no-go theorem that states that a manifold that is a tangent bundle
with a sympleti and (Born-Green) orthogonal metri must be at. One way
to invalidate the no-go theorem is to make the manifold nonommutative. For
the physial ase n = 3, this results in a 10 dimensional nonommutative urved
manifold. How to formulate this dierential geometry is an open question and the
topi of a subsequent investigation.
A nal observation about the hoie of the Heisenberg group as the normal
subgroup of the semidiret produt. Unlike the translation group where we an
onstrut the inhomogeneous general linear group, the group "GL(n)⊗sH(n)" does
not exist. This is beause the automorphisms of the quapleti group require the
homogeneous group in this semidiret produt to be the sympleti group, or one of
its subgroups. Thus the requirement for the normal subgroup to be the Heisenberg
group automatially requires the sympleti metri that has been fundamental in
our disussion.
This paper seeks to motivate the above desription in the simplest possible man-
ner. It looks at a system that has only one position dimension and traes the above
arguments through to show how the quapleti group arises. The ompanion pa-
per [3℄ then determines the unitary representations of the n dimensional quapleti
group, the assoiated Hilbert spaes and the eld equations that arise from the
Hermitian representation of the eigenvalue equations of the Casimir invariant op-
erators.
2. Homogeneous group: Relativity
2.1. Basi speial relativity. The speial relativity transformation equations be-
tween inertial observers. As we are onsidering the one dimensional ase x =
{t, q} ∈M ≃ R2. The global transforms are
t˜ =
(
1−
(v
c
)2)−1/2 (
t+
v
c2
q
)
, q˜ =
(
1−
(v
c
)2)−1/2
(q + vt)
These expressions are made loal by lifting to the otangent spae ating on a frame
{dt, dq}.
dt˜ =
(
1−
(v
c
)2)−1/2 (
dt+
v
c2
dq
)
, dq˜ =
(
1−
(v
c
)2)−1/2
(dq + vdt) (1)
This may be written in matrix notation as dx˜ = Λ(v)dx where dx = {dt, dq},
dx ∈ T ∗xM and Λ(v) is a 2× 2 matrix
Λ(v) =
(
1−
(v
c
)2)−1/2( 1 vc2
v 1
)
(2)
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These transformations leave invariant the line elements ds2 = −dt2 + 1c2 dq2. The
usual addition law for speial relativity results diretly from the group omposition
law
Λ(˜˜v) = Λ(v˜) · Λ(v), Λ−1(v) = Λ(−v) (3)
Multiplying out the matries gives the expeted result
˜˜v =
v˜ + v
1 + v˜v/c2
(4)
Physially, if v is the veloity between inertial frame of observers 1 and 2, v˜ the
relative veloity between inertial frames of observers 2 and 3, then
˜˜v given by this
expression is the relative veloity observed between inertial frames of observers 1
and 3.
Alternatively, from (1),
dq˜
dt˜
= (dq + vdt) /
(
dt+
v
c2
dq
)
=
(
dq
dt
+ v
)
/
(
1 +
v
c2
dq
dt
)
(5)
Comparing this equation with (4) leads to the identiation of v with the rate of
hange of position, dq/dt.
Now the nonrelativisti ase is given simply by requiring the limit
Φ(v) = lim
c→∞
Λ(v) =
(
1 0
v 1
)
(6)
Multiplying out the matries
Φ(˜˜v) = Φ(v˜) · Φ(v),Φ−1(v) = Φ(−v) (7)
gives the expeted result
˜˜v = v˜ + v (8)
and so the nonrelativisti transformations between inertial frames are dx˜ = Φ(v)dx
is just the expeted
dt˜ = dt
dq˜ = dq + vdt
(9)
These equations leave invariant the lassial line element
ds2 = lim
c→∞
(
−dt2 + 1
c2
dq2
)
= −dt2 (10)
For this reason, we say that Newtonian mehanis has a onept of absolute time.
Then, as in the speial relativisti ase (5), divide by dt to obtain the usual veloity
addition (8)
dq˜
dt˜
=
(
dq
dt
+ v
)
(11)
The key dierene between speial relativity and Newtonian mehanis is that
the latter has a universal `inertial rest frame' whereas in the former, veloity is
relative and so there is no absolute rest frame. However, in speial relativity, there
ontinues to be a global inertial frame.
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2.2. Inertial anonial frame transformations of speial relativity. The
above basi arguments may be repeated on time-position-momentum-energy spae.
In the following argument, this ombination is somewhat formal as these transfor-
mations never mix. However, it motivates the setion that follows.
The speial relativity transformation equations between inertial observers and
onsider also the momentum, energy equations. z = {t, q, p, e} ∈ P ≃ R4.
t˜ =
(
1−
(v
c
)2)−1/2 (
t+
v
c2
q
)
, q˜ =
(
1−
(v
c
)2)−1/2
(q + vt)
p˜ =
(
1−
(v
c
)2)−1/2 (
p+
v
c2
e
)
, e˜ =
(
1−
(v
c
)2)−1/2
(e+ vp)
In these expressions, t is time, q is position, p is momentum and, with a little
unonventional notation, e is energy. Again, we make the expressions loal, apply-
ing the same argument also to the momentum and energy degrees of freedom, by
lifting to the otangent spae with a frame {dt, dq, dp, de}.
dt˜ =
(
1−
(v
c
)2)−1/2 (
dt+
v
c2
dq
)
, dq˜ =
(
1−
(v
c
)2)−1/2
(dq + vdt)
dp˜ =
(
1−
(v
c
)2)−1/2 (
dp+
v
c2
de
)
, de˜ =
(
1−
(v
c
)2)−1/2
(de+ vdp)
This may be written in matrix notation as dz˜ = Γ(v)dz where dz = {dt, dq, dp, de},
dz ∈ T ∗zP and Γ(v) is a 4× 4 matrix
Γ(v) =
(
Λ(v) 0
0 Λ(v)
)
, Λ(z) =
(
1−
(v
c
)2)−1/2( 1 vc2
v 1
)
Expanding this out gives the 4× 4 matrix
Γ(v) =
(
1−
(v
c
)2)−1/2


1 vc2 0 0
v 1 0 0
0 0 1 vc2
0 0 v 1

 (12)
As the matrix is simply the diret sum, the subspaes spanned by {dt, dq} and
{dp, de} do not mix. These transformations leave invariant the line elements ds2 =
−dt2 + 1c2 dq2 and independently dµ2 = − 1c2 de2 + dp2. The sympleti metri
ontinues to be invariant also
tdz · ζ · dz = −de ∧ dt+ dp ∧ dq
(13)
Thus, in addition to being inertial, the frames are anonial in the sense that the
sympleti metri has the simple form given. The appearane of the sympleti
metri is not arbitrary but diretly required if a semidiret produt group with the
Heisenberg group as the normal subgroup is to be onstruted for the inhomoge-
neous ase. This is desribed in Setion 3.3.
The usual addition law for speial relativity results diretly from the group om-
position law, Λ(˜˜v) = Λ(v˜)Λ(v). Multiplying out the matries gives the expeted
result (4). Physially, if v is the veloity between inertial frame of observers 1
and 2, v˜ the relative veloity between inertial frames of observers 2 and 3, then ˜˜v
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given by this expression is the relative veloity observed between inertial frames of
observers 1 and 3. The identiation with veloity is veried by
dq˜
dt˜
=
(
dq
dt
+ v
)
/
(
1 +
v
c2
dq
dt
)
(14)
∂e˜
∂p˜
=
(
∂e
∂p
+ v
)
/
(
1 +
v
c2
∂e
∂p
)
(15)
Now the nonrelativisti ase is given simply by taking the limit
Φ(v) = lim
c→∞
Γ(v) =


1 0 0 0
v 1 0 0
0 0 1 0
0 0 v 1

 (16)
and the nonrelativisti transformations between inertial frames, dz˜ = Φ(v)dz are
the expeted
dt˜ = dt
dq˜ = dq + vdt
dp˜ = dp
de˜ = de + vdp
(17)
These equations leave invariant the line element ds2 = −dt2 (10) and also the
sympleti metri (13). Φ(v) is just a realization of the one dimensional translation
group and so again, the veloity addition law is Φ(˜˜v) = Φ(v˜)Φ(v) and it follows
that
˜˜v = v˜ + v .
Again, these transformation equations are for frames that are both inertial and
anonial. For heuristi purposes, note that (15) leads to the identiation v =
dq
dt =
∂e
∂p . We will return to this more arefully shortly.
2.3. Noninertial frame transformations of nonrelativisti mehanis. Non-
relativisti Hamilton's mehanis does not have the requirement for frames to be
inertial. Given the Hamiltonian funtion, partiles with omplex noninertial mo-
tion an be desribed. All point partile states in lassial mehanis, and the
assoiated noninertial frames, must omply with Hamilton's equations. The basi
idea of Hamilton's mehanis is that the partile motion is the ontinuous unfolding
of a anonial transformation. Hamilton's equations are
v =
dq(t)
dt
=
∂H(p, q, t)
∂p
, f =
dp(t)
dt
= −∂H(p, q, t)
∂q
, r =
∂H(p, q, t)
∂t
(18)
Consider the o-ordinate transformation z˜ = ϕ(z). Then, with simple matrix nota-
tion
dz˜ =
∂ϕ(z)
∂z
dz = Φ(v, f, r)dz (19)
and so in omponent form
∂ϕα
∂zβ
= Φ(v, f, r)
α
β , α, β = 1, 2, 3, 4. (20)
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The solution of Hamilton' s equations denes the anonial transformations ϕα(t, q, p, e)
that have the form
t˜ = ϕ1(t, q, p, e) = t
q˜ = ϕ2(t, q, p, e) = q + q(t) q(0) = 0
p˜ = ϕ3(t, q, p, e) = p+ p(t) p(0) = 0
e˜ = ϕ4(t, q, p, e) = e+H(p, q, t) H(0, 0, 0) = 0
(21)
The notation is is being abused slightly using q, p for the initial points and q(t), p(t)
for the funtions giving the time evolution. Substituting (21) into (19) and using
Hamilton's equations (18) gives the result
Φ(v, f, r) ≃


1 0 0 0
v 1 0 0
f 0 1 0
r −f v 1

 (22)
Writing out the transformations using dz˜ = Φ(v, f, r)dz yields
dt˜ = dt
dq˜ = dq + vdt
dp˜ = dp+ fdt
de˜ = de + vdp− fdq + rdt
(23)
Conversely, starting with (23) in (19), one an derive (21) and Hamilton's equa-
tions (18). These equations dene the transformations between noninertial frames.
Only noninertial frames that satisfy these transformations, and hene Hamilton's
equations, are physial.
These transformations leave invariant the line element ds2 = −dt2 = tdz · ηc · dz
and also the sympleti metri
tdz˜ · ζ · dz˜ = −de˜ ∧ d t˜+d p˜ ∧ d q˜
= − (de+ vdp− fdq + rdt) ∧ dt+ (dp+ fdt) ∧ (dq + vdt)
= −de ∧ dt+ dp ∧ dq = tdz · ζ · dz
In fat, Φ may be derived from the requirement that tΦ ·ζ ·Φ = ζ and tΦ ·ηc ·Φ = ηc
where
ζ =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 , ηc =


−1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (24)
Certainly the momentum transformation for these frames, that are anonial
but not neessarily inertial, is the form expeted. The energy transformation has
a kineti term vdp, as in the inertial equations above, a new work term −fdq and
the expliit power term rdt.
Diret matrix multipliation denes the group omposition laws and veries that
this is a matrix Lie group
Φ(˜˜v,
˜˜
f, ˜˜r) = Φ(v˜, f˜ , r˜) · Φ(v, f, r) = Φ(v˜ + v, f˜ + f, r˜ + r + v˜f − f˜ v),
Φ−1(v, f, r) = Φ(−v,−f,−r)
(25)
We all this the Hamilton group in one dimension, Φ(v, f, r) ∈ Ha(1). As in the
inertial ase, this denes the generalized addition laws for veloity v, fore, f and
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power, r for three dierent observers. That is if we have relative (v, f, r) between
noninertial observer frames 1 and 2 and relative (v˜, f˜ , r˜) between observer frames
2 and 3, then observer frames 1 and 3 are related by (˜˜v,
˜˜
f, ˜˜r) where
˜˜v = v˜ + v
˜˜
f = f˜ + f
˜˜r = r˜ + vf˜ − f v˜ + r
(26)
As time is invariant under the transformations, we an simply divide (23) by dt to
obtain.
dq˜
dt˜
=
dq
dt
+ v,
dp˜
dt˜
=
dp
dt
+ f,
de˜
dt˜
=
de
dt
+ v
dp
dt
− f dq
dt
+ r (27)
Comparing with (25), this lead to the identiation of v with rate of hange of
position, f with rate of hange of momentum and r with rate of hange of energy
with respet to the invariant time element dt as asserted.
The matrix Lie algebra of Ha(1) follows diretly from the Lie algebra valued
one forms dΦ(v, f, r)|0 = dvG + dfF+drR where the matrix realization of the
generators is given by
G =


0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0

 , F =


0 0 0 0
0 0 0 0
1 0 0 0
0 −1 0 0

 ,
R =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0


(28)
with
G =
∂Φ
∂v
, F =
∂Φ
∂f
, R =
∂Φ
∂r
The Lie braket of a matrix Lie group is given simply by [A,B] = A ·B−B ·A and
these may be diretly omputed as
[G,F ] = 2R, [R,F ] = 0, [R,G] = 0 (29)
These may also be viewed as an abstrat Lie algebra satisfying the above ommu-
tation relations. The manner in whih this formulation arries over to Lagrangian
mehanis is summarized in Setion 5.1.
2.4. Reiproal relativity. This is where we depart from a simple review of stan-
dard physis. We now introdue the Born-Green onjeture of the ombined line
element and derive the transformation equations that enompass reiproal relativ-
ity.
Two onditions must be satised by the transformation equations. As, always,
the sympleti metri −de ∧ dt+dp ∧ dq must be invariant. Furthermore, in the
lassial nonrelativisti theory, we have the invariant dt2 while in the speial rela-
tivisti ase we have the invariants −dt2 + 1c2 dq2 and − 1c2 de2 + dp2. Following
Born-Green, this suggests we investigate that ase of further ombining these invari-
ants to dene a non-degenerate (pseudo) orthogonal metri on the 4 dimensional
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spae
ds2 = −dt2 + 1
c2
dq2 +
1
b2
(
− 1
c2
de2 + dp2
)
= tdz · η · dz (30)
where η = diag{−1, 1, 1,−1}.
This is the only new physial assumption that has been introdued in this paper.
b is a universal onstant with the dimensions of fore. Usually (c, ~, G) are taken
to be the independent dimensional onstants. In terms of this dimensional basis,
b = αG
c4
G
. (31)
If αG = 1, this is merely a notational hange. However, αG is a dimension-
less parameter that must be determined by theory or experiment. We take the
independent dimensional onstants to be (c, ~, b) in whih ase G = αG
c4
b .
2.4.1. Transformation Equations. The transformations leaving the sympleti form
invariant are Sp(4) and the transformations leaving the orthogonal metri invariant
are O(2, 2). The group of transformations leaving both invariant is
U(1, 1) ≃ U(1)⊗ SU (1, 1) ≃ Sp(4) ∩ O(2, 2)
Consider rst the SU(1, 1) transformation equations
Ξ(v, f, r) =
(
1− w2)−1/2


1 vc2
f
b2 − rb2c2
v 1 rb2
−f
b2
f − rc2 1 vc2
r −f v 1

 . (32)
The transformation equations are then given dz˜ = Ξdz
dt˜ =
(
1− w2)−1/2(dt + v
c2
dq +
f
b2
dp− r
b2c2
de
)
,
dq˜ =
(
1− w2)−1/2(dq + vdt+ r
b2
dp − f
b2
de
)
,
dp˜ =
(
1− w2)−1/2 (dp + fdt− r
c2
dq +
v
c2
de
)
de˜ =
(
1− w2)−1/2 (de − fdq + vdp + rdt )
where w2 = v2/c2+f2/b2−r2/b2c2. It may be diretly veried that these equations
leave invariant the sympleti metri (23),
tΞ · ζ ·Ξ = ζ and Born-Green orthogonal
metri (30),
tΞ · η · Ξ = η.
The usual speial relativity equations take a onvenient form when parameterized
by angles and hyperboli angles. This is true also in this formulation as desribed
in the Appendix 5.2.
Again, these frames are assoiated with partiles that are simply urves or traje-
tories in the spae of time, position, momentum and energy z = (t, q, p, e) ∈ P ≃ R4.
Eah partile has assoiated with it an observer with a frame that is a basis of the
otangent spae dz = (dt , dq , dp, de) ∈ T ∗zP. Consider two observers with tra-
jetories c : R → P : s 7→ z = c(s) and c˜ : R → P : s 7→ z˜ = c˜(s) that pass
in the neighborhood of eah other at some point in P. In this ase, we assume
that their frames are related by a rate of hange of position, v, a rate of hange of
momentum, f and a rate of hange of energy r with time t. These generalize the
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usual transformations of speial relativity where it is assumed that the relative rate
of hange of momentum and energy are zero. The transformations no longer have
position-time and momentum-energy invariant subspaes but mix all the degrees
of freedom. Thus the dilation and ontration onepts of speial relativity are
generalized to the full spae.
These transformations no longer have position-time as an invariant subspae.
The position-time subspae of time-position-momentum-energy spae is observer
frame dependent. Extreme noninertial frames of very strongly interating partiles
relative to the sale b have energy and momentum degrees of freedom of partile
states are transforming into position and time degrees of freedom of partile states.
To provide heuristi plausibility that these degrees of freedom ould mix in the
manner desribed, onsider this in the ontext of the very early universe where
the energy and momentum degrees of freedom where huge and position and time
degrees of freedom were very small. We are now in a universe where the energy and
momentum degrees of freedom of partile states are generally relatively small but
the position and time degrees of freedom are very large relative to these sales.
The tangent vetors are
dq˜
dt˜
=
(
dq
dt
+ v+
r
b2
dp
dt
− f
b2
de
dt
)
/
(
1 +
v
c2
dq
dt
+
f
b2
dp
dt
− r
b2c2
de
dt
)
, (33)
dp˜
dt˜
=
(
dp
dt
+ f− r
c2
dq
dt
+
v
c2
de
dt
)
/
(
1 +
v
c2
dq
dt
+
f
b2
dp
dt
− r
b2c2
de
dt
)
, (34)
de˜
dt˜
=
(
de
dt
− f dq
dt
+ v
dp
dt
+ r
)
/
(
1 +
v
c2
dq
dt
+
f
b2
dp
dt
− r
b2c2
de
dt
)
(35)
With the identiation v ≃ dq
dt
,
df
dt
≃ f and de
dt
≃ r this leads to the rate of
hange of position, momentum and energy relativity transformation laws
˜˜v =
(
v˜ + v+
rf˜
b2
− f r˜
b2
)
/
(
1 +
vv˜
c2
+
f f˜
b2
− rr˜
b2c2
)
,
˜˜
f =
(
f˜ + f−rv˜
c2
+
vr˜
c2
)
/
(
1 +
vv˜
c2
+
f f˜
b2
− rr˜
b2c2
)
,
˜˜r =
(
r˜−f v˜ + vf˜ + r
)
/
(
1 +
vv˜
c2
+
f f˜
b2
− rr˜
b2c2
)
Again as in the usual speial relativity ase, these are bounded. If v = v˜ = c,
f = f˜ = b and r = r˜ = bc, then
˜˜v =
(
c + c+
bcb
b2
− bbc
b2
)
/
(
1 +
cc
c2
+
bb
b2
− bcbc
b2c2
)
= c
˜˜
f =
(
b + b−bcc
c2
+
cbc
c2
)
/
(
1 +
cc
c2
+
bb
b2
− bcbc
b2c2
)
= b
˜˜r = (bc− bc + cb+ bc) /
(
1 +
cc
c2
+
bb
b2
− bcbc
b2c2
)
= bc
In this formulation, rates of hange of position, momentum and energy with
respet to time are all relative. Fores are only meaningful between partile states.
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There is no absolute inertial frame or absolute rest frame. Position-time, or as we
usually say, spae-time itself is relative.
That this identiation is orret may be veried by omputing the matrix mul-
tipliation for the four dimensional matrix realization of the group and verifying
that it is preisely the above transformation rules in (35) that are required for the
matrix identity
Ξ(˜˜v,
˜˜
f, ˜˜r) = Ξ(v˜, f˜ , r˜) · Ξ(v, f, r) (36)
to be satised. This is exatly the same reasoning as in the usual speial veloity
relativity ase given in (3)-(5).
2.4.2. The U(1) transformations. The full group U(1, 1) of transformations leaving
both the sympleti and orthogonal metris invariant inludes the U(1) subgroup.
This group ommutes with the SU(1, 1) transformations whih enables us to on-
sider it separately. The transformation equations for this group are
dt˜ = cos θdt − 1bc sin θde,
dq˜ = cos θdq − cb sin θ dp,
dp˜ = cos θdp + bc sin θdq ,
de˜ = cos θde + bc sin θdt.
(37)
Setting tan θ = abc , the matrix realization for this is
Ξ◦(a) ≃
(
1 +
( a
bc
)2)−1/2


1 0 0 −ab2c2
0 1 −ab2 0
0 ac2 1 0
a 0 0 1

 (38)
and the full U(1, 1) matrix realization are
Ξ(v, f, r, a) = Ξ◦(a)Ξ(v, f, r) (39)
The full U(1, 1) transformation equations are
dz˜ = Ξ(v, f, r, a) · dz (40)
The U(1) term does not appear in the lassial theory and the transformation
equations are therefore restrited to the SU(1, 1) ase. However, what is quite
remarkable, is that they appear in an essential way in the nonabelian theory that
we shall onsider shortly.
2.4.3. Limiting forms. As we have noted above Ξ(v, 0, 0) = Λ(v) and so in this
speial ase, the reiproal relativisti transformation equations redue to the usual
speial relativity equations.
Ξ(v, 0, 0) = Λ(v) =
(
1−
(v
c
)2)−1/2


1 vc2 0 0
v 1 0 0
0 0 1 vc2
0 0 v 1

 (41)
This is a realization of SO(1, 1) subgroup on this 4 dimensional spae. Note
also that
Ξ(0, f, 0) = Λ′(f) =
(
1−
(
f
b
)2)−1/2
1 0 fb2 0
0 1 0 −fb2
f 0 1 0
0 −f 0 1

 (42)
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This is also a realization of a dierent SO(1, 1) subgroup on this 4 dimensional
spae. It ats on the (t, p) and (e, q) subspaes.
Clearly, arranging for v = r = 0 with f non-zero will only happen at isolated
points on the trajetory. Think of an osillator desribing a irle in (p, q) spae
and a orksrew when you add in time. There are points on this trajetory where
f = r = 0 with v non-zero and also points with for v = r = 0 with f non-zero. The
speial relativity ase (41) applies for the rst ase and the reiproally onjugate
ase (42) for the seond. Note that this latter subgroup leaves invariant the line
elements
−dt2 + 1
b2
dp2, dq2 − 1
b2
de2
Note that these equations redue as required to the nonrelativisti equations
desribed in Setion 2.1. In partiular, (32) redues in the limit to
lim
b,c→∞
Ξ(v, f, r) = lim
b,c→∞
(
1− w2)−1/2


1 vc2
f
b2 − rb2c2
v 1 rb2
−f
b2
f − rc2 1 vc2
r −f v 1


=


1 0 0 0
v 1 0 0
f 0 1 0
r −f v 1

 = Φ(v, f, r)
(43)
This is just the expression in (22). The rate of hange of position, momentum and
energy in (35) in the limit b, c→∞ are simply
˜˜v = v˜ + v
˜˜f = f˜ + f
˜˜r = r˜ + vf˜ − f v˜ + r
These are preisely the equations given in (26).
We an also look at the ase where rates of hange of momentum is small with
respet to b and the rate of hange of energy is small with respet to bc. This is
the limit b→∞. In this ase, we have
Υ(v, f, r) = lim
b→∞
Ξ(v, f, r)
=
(
1− ( vc )2)−1/2


1 vc2 0 0
v 1 0 0
f − rc2 1 vc2
r −f v 1

 (44)
The rate of hange of position, momentum and energy are given by
˜˜v = (v˜ + v) /
(
1 + vv˜c2
)
,
˜˜
f =
(
f˜ + f+ 1c2 (rv˜ − vr˜)
)
/
(
1 + vv˜c2
)
,
˜˜r =
(
r˜+r − f v˜ + vf˜
)
/
(
1 + vv˜c2
) (45)
It an also be veried that this denes a matrix group. That is Υ(v˜, f˜ , r˜) ·
Υ(v, f, r) = Υ(˜˜v,
˜˜
f, ˜˜r) with the addition law dened in (44). Clearly Λ(v) =
Υ(v, 0, 0) is a subgroup.
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The ation of Ξ on T ∗zP, the otangent vetor spae spanned by the basis
dz = {dt , dq , dp, de} has no invariant subspaes. The transformations mix all four
of the degrees of freedom. Thus it is no longer meaningful to talk about a position-
time or spae-timemanifold. In the limit b→∞, orresponding to the physial ase
of arbitrary veloities but relatively small rates of hange of momentum relative to
b and rates of hange of energy relative to bc, the subspae spanned by {dt , dq} is
invariant. In this ase, all observers have a ommon view of position-time spae, and
the usual onept of spae-time is meaningful. In the limit b, c→∞, orresponding
to relatively small rates of hange of position, momentum and energy, there are three
invariant subspaes, {dt}, {dt , dq} and {dt , dp}. This means that in the lassial
limit there is an absolute notion of time on whih all observers agree upon and
also all observers agree on the position-time subspae and the momentum-time
subspae.
2.4.4. Lie Algebra. The Lie algebra may be omputed diretly as in the nonrela-
tivisti ase using dΞ(v, f, r, a)|0 = dvK + dfN + drM + daU
K =


0 1c2 0 0
1 0 0 0
0 0 0 1c2
0 0 1 0

 , N =


0 0 1b2 0
0 0 0 −1b2
1 0 0 0
0 −1 0 0


M =


0 0 0 −1c2b2
0 0 1b2 0
0 −1c2 0 0
1 0 0 0

 , U =


0 0 0 −1b2c2
0 0 −1b2 0
0 1c2 0 0
1 0 0 0


(46)
with
K =
∂Ξ
∂v
, N =
∂Ξ
∂f
,M =
∂Ξ
∂r
, U =
∂Ξ
∂a
These may also be viewed as an abstrat Lie algebra satisfying the ommutation
relations
[K,N ] = 2M, [M,N ] = 2K, [M,K] = −2N
[U , N ] = 0, [U ,K] = 0, [U ,M ] = 0,
(47)
Again, the limiting forms
F = lim
b→∞
N, Mˆ = lim
b→∞
M
satisfy the algebra
[K,F ] = 2Mˆ ,
[
Mˆ , F
]
= 0,
[
Mˆ ,K
]
= −2N (48)
and the nonrelativisti ase is
G = lim
c→∞
K, R = lim
b,c→∞
M = lim
b,c→∞
U
with the orresponding algebra given in (29).
[G,F ] = 2R, [R,F ] = 0, [R,G] = 0 (49)
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2.4.5. Dimensions. The theory presented in the preeding setion desribes the
behavior as the rate of hange of momentum approahes a onstant b and the rate
of hange of energy approahes cb in addition to the usual speial relativity behavior
as the rate of hange of position approahes c. The onstant b is a new universal
physial onstant. It may be dened in terms of the existing onstants through a
dimensionless parameter αG =
bG
c4 as dened in (31). Just as we an dene Plank
sales of time, position, momentum and energy in terms of {c, ~, G}, we an dene
them in terms of {c, ~, b}as
λt =
√
~
bc
, λq =
√
~c
b
, λp =
√
~b
c
, λe =
√
~bc (50)
The relationship between the dimensional sales may be onveniently represented
in a quad.
λt ← c = λq/λt → λq
↑ տ ր ↑
b = λp/λt ~ = λtλe = λqλp b = λe/λq
↓ ւ ց ↓
λp ← c = λe/λp → λe
(51)
If αG = 1, then this is simply a rewriting of the usual Plank sales dened in terms
of {c, ~, G}. The basis of the otangent spae {dt , dq , dp, de} and the parameters
{v, f, r} may be made dimensionless simply by dividing by these sales
{
dtˇ, dqˇ, dpˇ, deˇ
}
=
{
1
λt
dt ,
1
λq
dq,
1
λp
dp,
1
λe
de
}
(52)
and {
vˇ, fˇ , rˇ
}
=
{
1
c
v,
1
b
f,
1
bc
r
}
(53)
Clearly vˇ = 1 when v = c and likewise fˇ = 1 when f = b and rˇ = 1 when r = cb.
In terms of these dimensionless basis, all of the c, b onstants that appear in the
preeding setion may be eliminated by being simply set to 1. For example, (32)
beomes
dˇ˜t =
(
1− wˇ2)−1/2 (dtˇ+ vˇd qˇ + fˇd pˇ−rˇd eˇ) ,
dˇ˜q =
(
1− wˇ2)−1/2 (dqˇ + vˇ d tˇ+rˇd pˇ− fˇd eˇ) ,
d ˇ˜p =
(
1− wˇ2)−1/2 (dpˇ+ fˇd tˇ+rˇd qˇ + vˇd eˇ)
dˇ˜e =
(
1− wˇ2)−1/2 (deˇ−fˇd qˇ + vˇd pˇ+ rˇd tˇ )
(54)
with wˇ = vˇ2+ fˇ2− rˇ2. This is true for all the equations with respet to the natural
sales. In this sense, the onstants c, b, and as we will see, ~ are no dierent than
the onstants we would have to introdue if we dened the sales in the
′x′ position
diretion to be feet and the
′y′ position diretion to be meters. Using dimensionless
quantities denes in terms of these onstants eliminates their appearane in all the
equations. In partiular, the sympleti and orthogonal metris are simply
ds2=tdz · η · dz = −dtˇ2 + d qˇ2 + d pˇ2 − d eˇ2
tdz · ζ · dz = −d eˇ ∧ d tˇ+ d pˇ ∧ d qˇ
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3. Inhomogeneous group with Heisenberg nonabelian `translations'
3.1. Translation group and inhomogeneous groups. The disussion up until
this point has been onerned with the homogeneous group ating as a transforma-
tion group on the o-tangent spae. We an ast these transformations in purely
group theoreti terms by introduing the notions of a semidiret produt group.
Consider a Lie group G, a normal losed subgroup N ⊂ G has the property that,
for all g ∈ G and n ∈ N , that g−1 · n · g ∈ N . If in addition there is another losed
subgroup K ⊂ G with K ∪ N = G and N ∩ K = e where e is the trivial group
ontaining only the identity, then G is the semidiret produt group G = K ⊗s N .
Note that as the automorphism group Aut(N ) of N is the group of elements with
the property that for n ∈ N , g−1 · n · g ∈ N . Clearly G ⊆ Aut(N ).
The group N has an algebra that may be identied with the Lie algebra valued
one forms dn ∈ a(N ) ≃ TeN . The group k ∈ K ats this algebra through the
adjoint ation k−1 ·dn·k ∈ a(N ). If k = edk, then the innitesimal transformations
are given by dn˜ = dn+ [dk, dn].
The four dimensional translation group T (4) may be realized as a 5 × 5 matrix
group.
T(tˇ, qˇ, pˇ, eˇ) =


1 0 0 0 tˇ
0 1 0 0 qˇ
0 0 1 0 pˇ
0 0 0 1 eˇ
0 0 0 0 1

 (55)
The algebra is given by
dT(tˇ, qˇ, pˇ, eˇ) = dtˇT + dqˇQ+ dpˇP + deˇE
= 1λt dtT +
1
λq
dqQ+ 1λp dpP +
1
λe
deE
(56)
where the basis {T,Q, P,E} of the abelian algebra a(T (4)) have the matrix real-
izations
T =


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 Q =


0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


P =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 E =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0


(57)
More ompatly, with {Zα} = {T,Q, P,E} and {zα} = {tˇ, qˇ, pˇ, eˇ},
dT(z) = dzαZα =
(
0 dz
0 0
)
Consider the semidiret produt group G = K ⊗s T (4). The automorphism
group of T (n) is GL(n) ⊗s T (n) and therefore K ⊆ GL(4). Therefore elements
k ∈ K may be realized by nonsingular 4 × 4 matries K and elements g ∈ G may
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be realized by the 5× 5 matries Γ
Γ(K, z) =
(
K K · z
0 1
)
(58)
with group produt Γ(K˜, z˜ ) ·Γ(K, z) = Γ(K˜ ·K, K˜ ·z+ z˜ ) and inverse Γ−1(K, z) =
Γ(K−1,−z).
3.1.1. Lie algebra. Now, we an onsider, in partiular, the group K ≃ U(1, 1) and
set K = Ξ(v, f, r, a) from (39). The ation of Ξ on the element of the algebra dT(z)
is
ΞdT(z)Ξ−1 =
(
Ξ 0
0 1
)(
0 dz
0 0
)(
Ξ−1 0
0 1
)
=
(
0 Ξ · dz
0 0
)
= dT(z˜)
(59)
This is preisely the transformation equations given in (32), dz˜ = Ξ · dz .
The generators {Zα} = {T,Q, P,E} are given in (57) and the generators
{K,N,M,U} of the Lie algebra are given in (46) with the embedding of the 4 × 4
matries in the 5×5 matries. The nonzero generators of the algebra of U(1, 1)⊗s
T (4) are dΞ(v, f, r, a)|0 = dvK + dfN + drM + daU
[K,N ] = 2M, [M,N ] = 2K, [M,K] = −2N
[K , T ] = Q, [K , Q] = T, [K , P ] = E, [K , E] = P,
[N , T ] = P, [N , Q] = −E, [N , P ] = T, [U , E] = −Q,
[M , T ] = E, [M , Q] = −P, [M , P ] = Q, [M , E] = −T,
[U , T ] = −E, [U , Q] = −P, [U , P ] = Q, [U , E] = T,
(60)
The innitesimal transformation equations of (32) are then given by the ation of
the algebra of the SU(1, 1) subgroup
dT(z˜) = dT(z) + [dΞ(v, f, r)|0, dT(z)]
= dzαZα + d z
α[dvK + dfN+drM,Zα]
= dzα(Zα + d v[K,Zα] + df [N , Zα] + d r[M , Zα])
(61)
This gives the expeted result for the innitesimal transformations
dt˜ = dt + 1c2 dv ∧ dq + 1b2 df ∧ dp− 1b2c2 dr ∧ de,
dq˜ = dq + dv ∧ dt+ 1b2 dr ∧ dp − 1b2 df ∧ de,
dp˜ = dp + df ∧ dt− 1c2 dr ∧ dq + 1c2 dv ∧ de,
de˜ = de − df ∧ dq + dv ∧ dp + dr ∧ dt.
(62)
The lowest order Casimir invariant for this algebra is −T 2+Q2+P 2−E2 whih is
preisely the form of the orthogonal metri. This enables all the essential properties
to be formulated in purely group theoreti terms.
3.2. Heisenberg group. The theory onsidered so far does not take into aount
the nonabelian nature of phase spae. Physial observations tell us that the position
and momentum degrees of freedom and the time and energy degrees of freedom
annot be measured simultaneously. Mathematially, this means that the abelian
group T (4) in the previous setion must be replaed by a Heisenberg group H(2) =
T (2)⊗sT (3). This is a 5 dimensional group with an algebra that has the generators
{T,Q, P,E, I} satisfying the Lie algebra
[P,Q] = −I, [T,E] = I (63)
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The group H(2) is just a matrix group like all the groups we have enountered
so far. It an be realized by the 6× 6 matries
H(tˇ, qˇ, pˇ, eˇ, ι) =


1 0 0 0 0 tˇ
0 1 0 0 0 qˇ
0 0 1 0 0 pˇ
0 0 0 1 0 eˇ
−eˇ pˇ −qˇ tˇ 1 2ι
0 0 0 0 0 1


(64)
This may be written more ompatly as
H(z, ι) =

 I 0 ztz · ζ 1 2ι
0 0 1


(65)
It follows that the group produt and inverse are
H(z˜, ι˜) · H(z, ι) = H(z˜ + z, ι˜+ ι+ 1
2
tz˜ · ζ · z), H(z, ι)−1 = H(−z,−ι) (66)
and the algebra is
dH(z, ι) =

 0 0 dzt (ζ · dz) 0 2dι
0 0 0

 = dzαZα + dιI (67)
Expanding out again, this means expliitly that the generators are given by the
6× 6 matries
T =


0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 0


Q =


0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0


P =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 −1 0 0 0 0
0 0 0 0 0 0


E =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 1 0 0
0 0 0 0 0 0


I =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 2
0 0 0 0 0 0


(68)
These matries satisfy the algebra of the algebra of the Heisenberg matrix Lie
group. In quantum mehanis where the Heisenberg algebra normally appears, we
are using the unitary representations of the group on a Hilbert spae. In general
an element of a Lie group g ∈ G is given in the neighborhood of the identity
by g = eX where X ∈ a(G) is an element of the algebra. A unitary represen-
tation ̺ of the group as unitary operators on a Hilbert spae H̺. The unitary
irreduible representations determine the Hilbert spae and so it is labelled by
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the representation. The unitary operators ̺(g)
†
= ̺(g)
−1
indue anti-Hermitian
representations ̺′(X)† = −̺′(X) of the algebra. Inserting an i maps these onto
Hermitian operators ̺(g) = ei̺(g) normally used in quantum mehanis. Then if
the Lie algebra is [X,Y ] = Z, then the Lie algebra of the Hermitian representation
is [̺′(X), ̺′(Y )] = −i̺′(Z). This is where the i omes from in the Heisenberg
algebra as we generally deal with the unitary representations in a quantum me-
hanis ontext where the Hilbert spae is H
̺ = L2(R,C) and the representations
Qˆ = ̺′(Q),Pˆ = ̺′(P ) and Iˆ = ̺′(I) of the algebra satisfy [Pˆ , Qˆ] = i~Iˆ and are real-
ized in the position diagonal basis by the Hermitian operators Qˆ = q and Pˆ = i~ ∂∂q
or the momentum diagonal basis by Qˆ = −i~ ∂∂p and Pˆ = p .
The Heisenberg group itself, before the unitary representations are onsidered,
is just a straightforward real matrix group as are the rotation, sympleti and
translation groups with whih we are familiar.
3.3. Automorphisms of the Heisenberg group. We an now proeed as in the
ase of the translation group and onstrut a semidiret produt group that ontains
the Heisenberg group as the normal subgroup. This group must be a subgroup of
the automorphism group of the Heisenberg group. That is for a ∈ Aut(H(2)),
a−1 · h · a ∈ H(2) for all h ∈ H(2). Construting a general 6 × 6 matrix and
omputing the produt shows that the automorphism group must be of the form
Aut(H(2)) ≃ D ⊗s (A(1)⊗s (Sp(4)⊗s H(2))) (69)
D is the disrete group of automorphisms that is onsidered further in Setion 4.5
below. A is the abelian group of dilations that are represented by the 6×6matries
A(ǫ) ∈ A
A(ǫ) =

 I 0 00 eǫ 0
0 0 e−ǫ


(70)
The produt is A(ǫ˜) · A(ǫ) = A(ǫ˜ + ǫ) and inverse A(ǫ)−1 = A(−ǫ). The ation as
an automorphism of the Heisenberg group is
A(ǫ) · H(z, ι) ·A(ǫ)−1 =

 I 0 eǫzt (ζ · eǫz) 1 2e2ǫι
0 0 1

 = H(eǫz, e2ǫι) (71)
The remaining automorphisms are the 6× 6 matries Υ ∈ Sp(4)⊗H(2)
Υ(K, z, ι) =

 K 0 K · ztz · ζ 1 2 ι
0 0 1


(72)
where K ∈ Sp(4) are the 4 × 4 matries with the property that tK · ζ · K = ζ.
This property may be used to determine the group multipliation and inverse. As
this is a matrix group, the group produt and inverse is omputed diretly from
the matrix produt and inverse is alulated us
Υ(K˜, z˜, ι˜) ·Υ(K, z, ι) = Υ(K˜ ·K, z˜ + K˜ · z, ι+ ι˜+ 1
2
tz˜ · ζ · z)
Υ(K, z, ι)
−1
= Υ(K−1,−z,−ι)
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Finally the automorphisms are
Υ
(
K˜, z˜, ι˜
)
·H(z, ι) ·Υ(K˜, z˜, ι˜)−1 =

 I 0 K˜ · ztz · ζ · K˜−1 1 2 (ι+ tz˜ · ζ · z)
0 0 1


(73)
This is an element of H(2) only if tz · ζ · K˜−1 = t(K˜ · z) · ζ = tz · tK˜ · ζ. That is,
ζ · K˜−1 = tK˜ · ζ or equivalently ζ = tK˜ · ζ · K˜. This is the ondition for K˜ ∈ H(2)
and the automorphisms are then
Υ
(
K˜, z˜, ι˜
)
·H(z, ι) ·Υ(K˜, z˜, ι˜)−1 = H(K˜ · z, ι+ tz˜ · ζ · z) (74)
3.4. Quapleti group. Then, the group Q(1, 1) = U(1, 1)⊗sH(2) is a subgroup
of the group of ontinuous automorphisms with elements realized by the matries
Θ =

 Ξ 0 Ξ · ztz · ζ 1 2ι
0 0 1


(75)
This is an element of the quapleti group in a matrix realization.
The full group inluding the disrete transformations and the saling transfor-
mations is the extended quapleti group Qˆ(1, 1) = (D⊗Ab⊗U(1, 1))⊗sH(2) with
elements realized by the matries [5℄
Θˆ = ς

 Ξ 0 Ξ · zeǫtz · ζ eǫ 2eǫι
0 0 e−ǫ

 = ς ·A · Ξ · H (76)
where ς ∈ D is an element of the nite abelian disrete group that is dened in
the following setion.
The quapleti group gives the transformation equations
Ξ dH(z)Ξ−1 =

 Ξ 0 00 1 0
0 0 1



 0 0 dztdz · ζ 0 2dι
0 0 0



 Ξ−1 0 00 1 0
0 0 1


=

 0 0 Ξ · dzt (Ξ · dz ) · ζ 0 2dι
0 0 0

 = dH(z˜)
(77)
where we have used
tdz ·ζ ·Ξ−1 = tdz ·tΞ·tΞ−1 ·ζ ·Ξ−1 = t(Ξ·dz )·ζ as tΞ·ζ ·Ξ = ζ
as Ξ ∈ Sp(4) and therefore tΞ−1 ·ζ ·Ξ−1 = ζ with ζ−1 = −ζ. These are preisely
the transformation equations dz˜ = Ξ · dz in (40).
3.4.1. Lie Algebra. The Lie algebra of the quapleti group is
dΘ = dΞ + dzαZα + dιI
dΞ = dvK + dfN + drM + daU
(78)
The generators {Zα, I} = {T,Q, P,E, I} are given in (68) and the generators
{K,N,M,M◦} are given in (46) with the obvious embedding of the 4× 4 matries
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in the 6× 6 matries. The nonzero generators of the full quapleti algebra are
[K,N ] = 2M, [M,N ] = 2K, [M,K] = −2N
[K , T ] = Q, [K , Q] = T, [K , P ] = E, [K , E] = P,
[N , T ] = P, [N , Q] = −E, [N , P ] = T, [U , E] = −Q,
[M , T ] = E, [M , Q] = −P, [M , P ] = Q, [M , E] = −T,
[U , T ] = −E, [U , Q] = −P, [U , P ] = Q, [U , E] = T,
[P,Q] = −I, [E, T ] = I
(79)
The innitesimal transformation equations of (32) are then given by
dH(z˜) = dH(z) + [dΞ(v, f, r, a)|0, dH(z)]
= dzαZα + dz
α[dvK + dfN+drM+daU , Zα]
= dzα(Zα + d v[K,Zα] + df [N , Zα] + d r[M , Zα] + d a[U , Zα])
(80)
This gives the expeted result on the non abelian manifold
dt˜ = dt + 1c2 dv ∧ dq + 1b2 df ∧ dp− 1b2c2 (dr + da) ∧ de,
dq˜ = dq + dv ∧ dt+ 1b2 (dr − da) ∧ dp − 1b2 df ∧ de,
dp˜ = dp + df ∧ dt− 1c2 (dr − da) ∧ dq + 1c2 dv ∧ de,
de˜ = de − df ∧ dq + dv ∧ dp + (dr + da) ∧ dt.
(81)
In this ase however, the lowest order Casimir invariant is simply C1 = I as it
ommutes with all the generators and the seond order Casimir invariant is
C2 =
1
2
(−T 2 −Q2 + P 2 − E2)− IU (82)
This an be viewed as a metri on a 6 dimensional spae (or with the n = 3 ase,
a 10 dimensional spae.) The additional term is required as the Q and P and the
T and E do not ommute. However, this additional generator assoiated with the
U(1) subgroup provides preisely the term to anel out the resulting term when
onsidering Lie brakets of the form [Zα, C2]. That is
[T,C2] = −21
2
E[T,E]− I[T, U ] = −EI + IE = 0 (83)
and so forth.
This is a very essential hange in the struture of the theory. One of the most
profound of these is that the abelian theory with a hermitian metri does not admit a
non-trivial manifold struture to enable the mathematial development of a general
theory on this spae orresponding to the general relativity generalization of speial
relativity. This is the no go theorem of Shuller [4℄. However, this nonabelian
theory does not appear to be onstrained by this no go theorem and it is possible
to investigate generalizations to general urved nonommutative manifolds. The
onstrution of a nonabelian geometry where loally the nonabelian Heisenberg
group are the loal translations that generalize to a nonabelian onnetion is a
very interesting follow on problem.
3.5. Disrete transformations. The parity, time reversal and harge onjuga-
tion (PCT) disrete transformations play an important role in the standard speial
relativisti theory. These transformations
ςP · {dt , dq} = {dt ,−dq} , ςT · {dt , dq} = {−dt , dq} ,
ςC · {dt , dq} = {−dt,−dq} (84)
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are a disrete abelian group satisfying ςP
2 = ςT
2 = ςC
2 = ς0, ςP · ςT = ςC ,
ςC · ςP = ςT , ςT · ςC = ςP . These transformations leave the Lorentz metri invariant
and are automorphisms of the group
ςP ·Λ(v) · ςP−1 = Λ(−v), ςT ·Λ(v) · ςT−1 = Λ(−v), ςC ·Λ(v) · ςC−1 = Λ(v)
(85)
These transformations arry over diretly to the U(1, 3) group of disrete automor-
phisms D◦. Again, dene dz = {dt , dq , dp, de},
ςP (dz ) = {dt ,−dq,−dp, de} , ςT (dz ) = {−dt , dq , dp,−de} ,
ςC (dz ) = {−dt ,−dq ,−dp,−de} (86)
These satisfy the above group produt relations given above in (84). There are now
in addition 3 new disrete transformations, the Born reiproity transformations [1℄
(using units b = c = ~ = 1)
ςE (dz ) = {−de, dq , dp, dt} ςQ (dz ) = {dt , dp,−dq , de} ,
ςR (dz ) = {−de, dp,−dq, dt} (87)
The group produts for these transformations are ςR
2 = ςC , ςQ
2 = ςP , ςE
2 = ςT ,
ςQ · ςE = ςR, ςR · ςQ = ςE , ςE · ςR = ςQ.
These then multiplied with the PCT transformations to dene 6 additional el-
ements ςαβ = ςα · ςβ with α ∈ {P, T, C} and β ∈ {Q,E,R} labels of the abelian
group. The transformations equations for these follow immediately from (86) and
(87). With these 13 elements, the abelian disrete group loses. The multipliation
table is simply worked out using these multipliation rules
ςαβ · ςγδ = ςα · ςβ · ςγ · ςδ = (ςα · ςγ) · (ςβ · ςδ) , (88)
where α, γ ∈ {P, T, C} and β, δ ∈ {Q,E,R}.
The group elements ςP , ςT , ςQ, ςE may be realized by the 4× 4 matries.
ςP ≃


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , ςT ≃


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 ,
ςQ ≃


1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 1

 , ςE ≃


0 0 0 1
0 1 0 0
0 0 1 0
−1 0 0 0


(89)
with ς0 = I, ςC = −I and ςR = ζ. The remaining matries may be omputed from
these four elements using the group multipliation rules given above as these four
elements generate the group. These 4 elements generate the group and so we need
onsider only these elements further. Elements of the disrete group leave invari-
ant the sympleti and Born-Green orthogonal metris and are automorphisms of
U(1, 3)group.
ςP · Ξ(v, f, r, a) · ςP−1 = Λ(−v,−f, r, a),
ςT · Λ(v, f, r, a) · ςT−1 = Λ(−v,−f, r, a),
ςC · Λ(v, f, r, a) · ςC−1 = Λ(v, f, r, a),
ςQ · Λ(v, f, r, a) · ςQ−1 = Λ(−f, v, r, a),
ςE · Λ(v, f, r, a) · ςE−1 = Λ(−f, v, r, a),
ςR · Λ(v, f, r, a) · ςR−1 = Λ(−v,−f, r, a)
(90)
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Finally, onsider the nite disrete abelian group for extended quapleti ase,
we onsider transformations of the basis {dz, dι} = {dt , dq , dp, de} as embedded in
the 6× 6 matries. The above generators may be embedded in the 6× 6 matries
and the additional generators inorporating the additional disrete symmetry in
(76) may be dened as
ς+α =

 ςα 0 00 1 0
0 0 1

 ς−α =

 ςα 0 00 −1 0
0 0 −1


(91)
The full nite abelian disrete group D for the extended quapleti group is the
26 element abelian group with elements ς±α ∈ D, with α taking values in the set of
labels of the 13 elements of D◦. These transformations leave invariant the metri for
the nonabelian spae dened by the Casimir invariant (82) and are automorphisms
of the quapleti group.
4. Disussion
4.1. nDimensional Case and Limits. For simpliity and larity, we have studied
the ase with 1 position dimension. The theory learly generalizes to n dimensions
with
C(1, n) = U(1, n)⊗s H(n+ 1) = (U(1)⊗ SU(1, n))⊗s H(n+ 1) (92)
where
U(1, n) = O(2, 2n)) ∩ Sp(2n+ 2) (93)
In the physial ase where n = 3, C(1, 3) is 25 dimensional. In the limiting ase
b, c→∞,
lim
b,c→∞
U(1, n) = SO(n) ⊗s H(n)
Note that for n = 1,
lim
b,c→∞
SU(1, 1) = H(1) (94)
whih is why (25) is the Heisenberg group omposition law for H(1). This is the
ounterpart of the usual relation for the orthogonal group
lim
c→∞
SO(1, n) = E(n) = SO(n) ⊗s T (n) (95)
4.2. Comments on Quantum Mehanis. A quantum theory may be on-
struted from the unitary representations of a dynamial group. The wave equa-
tions and Hilbert spae of basi speial relativisti quantum mehanis follow from
the unitary irreduible representations of the Poinaré group [2℄. The unitary rep-
resentations of the Poinaré group determine innite dimensional Hilbert spaes
that dene the states of free partiles. The eigenvalue equations for the Hermitian
representation of the Casimir invariants are the basi eld or wave equations of
physis: Maxwell, Dira, Klein-Gordon and so forth. The eigenvalues labeling the
irreduible representations are the fundamental onepts of mass and spin.
One an likewise onstrut a quantum theory of the quapleti group by on-
sidering the unitary irreduible representations of the quapleti group. Again,
the Hilbert spae of partile states is determined from these irreduible unitary
representations. However, in this ase, these states inlude free and interating
partiles with orrespondingly nonintertial frames. Again, the eigenvalue equations
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for the Hermitian representation of the Casimir invariants are the basi eld or wave
equations of physis of this theory and the eigenvalues must dene basi physial
properties.
This theory is presented in a ompanion paper [3℄. The eld equations are
determined and shown to satisfy ertain basi riteria for being reasonable. The
Shrödinger-Robinson inqualities that generalize the Heisenberg unertainty rela-
tions may be shown to be invariant under the quapleti group and this may be
used to study the semilassial limit in terms of oherent states [6℄ The salar ase
in this theory is the relativisti osillator. While the quapleti invariant wave
equations have been determined in [3℄, these equations have not yet been explored
to understand their physial meaning. This is work that remains to be undertaken.
4.3. Summary. There are many higher dimensional theories in the literature. The
theory presented is just a higher dimensional theory. Before relativity, one would
say that we live in a three dimensional spae with a universal time parameter.
Relativity hanged that to a four dimensional spae-time, or as we use the word
spae more generally here, position-time manifold. Speial relativity eliminates
the onept of an absolute rest frame but ontinues to have the onept of an
absolute inertial frame. Eliminating the absolute rest frame requires the four
dimensional spae-time ontinuum that no longer has an absolute sense of time.
We simply generalized this approah to noninertial frames. We onsider the loal
transformations on the time-position-momentum-energy spae and show that the
expeted transformations result under the nonrelativisti and speial relativisti
assumptions. The general ase of transformation between noninertial frames results
from requiring an invariant sympleti metri and Born-Green orthogonal metri.
An investigation of the equations shows that the need for absolute inertial frame is
eliminated, fores and rates of hange of energy are relative, and bounded by b and
bc. For the physial ase n = 3, this group is U(1, 3).
The basi wave equations of speial relativisti quantum theory arises from on-
sidering the unitary representations of the Poinaré group (or more aurately, its
universal over). This leads us to onsider the inhomogeneous group on the time-
position-momentum-energy spae. However, position and momentum and time
and energy do not ommute. This leads us to onsider the nonabelian Heisenberg
group that is the semidiret produt of two translation groups. The remarkable fat
emerges that onstruting a semidiret produt with the Heisenberg group as the
normal group requires an invariant sympleti metri. One need only hypothesize
the Born-Green orthogonal metri. The group U(1, n)⊗sH(1+n) is the quapleti
group.
The Born-Green orthogonal metri requires the introdution of a new physial
onstant b that an be taken to have the dimensions of fore. There are only
three dimensionally independent physial onstants. These may be taken to be c, b
and ~. The remarkable fat is that the quapleti group introdues a relativity
prinipal that is reiproal, in the sense of Born, to the usual speial relativity.
Now, in addition to rates of hange of position with time being bounded by c,
rates of hange of momentum are bounded by b and rates of hange of momentum
are bounded by bc. The position-time subspae is now observer frame dependent
and these eets beome manifest for noninertial interating partiles with rates of
hange of momentum approahing b.
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A quantum theory is onstruted by onsidering the unitary representations. The
unitary irreduible representations determines the Hilbert spae of partile states.
The eigenvalue equations of the Hermitian representations of the Casimir invariant
operators determines the eld or wave equations of the theory. The eigenvalues
haraterize basi partile properties. This is disussed in a ompanion paper [3℄.
The nonabelian generalization of the time-position-momentum-energy spae that
is haraterized in this paper for the one dimensional ase has a rih and subtle
struture. There is a very simple heuristi model that may be helpful to visualize
it. Speial relativity was greatly simplied with the introdution of the four vetor
notation. One might think that the natural extension here is, for the n = 3 ase,
an eight or ten vetor notation. However, the nonabelian struture of the spae
is best represented heuristially by a quad. Only the degrees of freedom on eah
of the four faes of the quad ommute. Compare also with the quad of dimensions
previously given in (51).
T Q
P E
The parity, time reversal, and the Born reiproity transformations that generate
the disrete automorphism group have the ation on the quad given by
ςP :
T Q
P E
→ T −Q−P E , ςT :
T Q
P E
→ −T Q
P −E ,
ςQ :
T Q
P E
→ T P−Q E , ςE :
T Q
P E
→ −E Q
P T
Now, ontinuing in this heuristi manner, we know that the universal onstant
c is assoiated with a relativity on the (T,Q) and (P,E) subspaes that is loally
governed by the Lorentz group. The remarkable fat is that the onstant b intro-
dued above is assoiated with a relativity on the (T, P ) and (Q,E) subspaes that
is also loally governed by a Lorentz group. For this reason, we all the relativity
of veloity and fores reiproal relativity. Both of these are subgroups of the more
general pseudo-unitary group.
The etymology of quapleti is the following. Qua is a seldom used English
word that means in the harater of or simply as as in Sin qua non. Pleti has
origins in Greek whih means to pleat or to fold diagonally. So quapleti means in
the harater of folding diagonally. It also invokes Quad, Quantum and Sympleti,
all of whih play a role.
The author thanks P. Jarvis for stimulating disussion and omments on this
paper and B. Hall for enouraging a simple physial desription.
5. Appendix
5.1. Comment on Lagrangian mehanis. Lagrangian mehanis introdues
the bias to a position-time manifold formalism. In this setion, we show that
the bias is not intrinsi in the basi mathematial formulation as one an simply
Legendre transform also to an equivalent momentum-time Lagrangian formulation.
We have been onsidering a formulation on z = {t, q, p, e} ∈ P ≃ R4 with frames
dz = {dt, dq, dp, de} ∈ T ∗zP.
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The sympleti 2-form −d e˜ ∧ d t˜ + d p˜ ∧ d q˜ in (23) may be integrated to dene
the 1-form
−edt˜+ pdq˜ =
(
−H(p, q, t) + p(t)dq(t)
dt
)
dt = L(q(t),
dq(t)
dt
, t) (96)
where Hamilton's equations
dq(t)
dt
= ∂H(q,p,t)∂p are used to solve for p = p(q,
dq
dt
)
provided that the Hessian is nonsingular (we use the general expressions here
whih arry over to n dimensions even though in our urrent ontext we are in one
dimension and the determinant is trivial.)
Det
∂H (p, q, t)
∂p∂p
6= 0
The Lagrangian satises the variational priniple δ
∫
L(q, dq
dt
, t)=0 to yield the Euler-
Lagrange equations
∂L(q, v, t)
∂q
− d
dt
∂L(q, v, t)
∂v
= 0 (97)
Geometrially, a number of things have happened here. Let M ≃ R2 with
(t, q) ∈ M and then −edt + pdq is an element of T ∗M. The Lagrangian on the
other hand, is a funtion on the tangent spae TM. This is possible as {dt} and
{dt , dq} are invariant subspaes under the ation of Φ. That is, there is an absolute
notion of time that all observers agree on and furthermore all observers agree on
the position-time subspae of the full spae P.
Note also that {dt , dp} is an invariant subspae and therefore all observers agree
on the momentum-time subspae. The orresponding integration of the sympleti
two form is −edt − qdp is an element of T ∗Mˇ with Mˇ ≃ R2 with (t, p) ∈ Mˇ.
Applying the transformations gives
−edt˜− qdp˜ = −
(
H(p, q, t) + q(t)
dp(t)
dt
)
dt = L(p(t),
dp(t)
dt
, t) (98)
where Hamilton's equations
dp(t)
dt
= −∂H(q,p,t)∂q are used to solve for q = q(p, dpdt )
provided that the Hessian is nonsingular
Det
∂H (p, q, t)
∂q∂q
6= 0
The Lagrangian satises the variational priniple δ
∫
L(p, dp
dt
, t)=0 to yield the Euler-
Lagrange equations
∂L(p, f, t)
∂p
− d
dt
∂L(p, f, t)
∂f
= 0 (99)
Clearly, for a free partile, this latter Hessian is singular. However, in the pres-
ene of long range 1/r2 type fores, there are no truly free partiles. Consequently,
for lassial systems with these types of fores present, a free partile is an abstra-
tion and in priniple one ould formulate all of basi mehanis on this momentum-
time spae. We are heavily biased by our Newtonian heritage to onsider spae, that
is position spae,as the fundamental arena of physis. This is re-enfored by speial
relativity that brings time onto the same footing as position to dene spae-time
(that is position-time spae). However, the basi Hamilton's equations put mo-
mentum and position on ompletely equal footing and this remains true in Dira's
nonrelativisti transformation theory of quantum mehanis [7℄. In fat, as just
RECIPROCAL RELATIVITY OF NONINERTIAL FRAMES 27
shown, there is a reiproal onjugate Lagrangian formulation on momentum-time
spae that is equally valid in the nonrelativisti ase as the position-time Lagrangian
formulation.
In this heuristi sense, the simplest lassial Hamiltonian formulation satises
Born reiproity in position and momentum, there is no distintion in the mathe-
matial formulation that biases the formulation to position-time over momentum-
time.
5.2. Comment on the U(1,1) transformation equations. The transformation
equations U(1, 1) = U(1)⊗SU(1, 1) may also be written in terms of hyperboli trig
funtions.
The SU(1, 1) transformation equations that leave this invariant are
dt˜ = coshωdt + sinhωω
(
β
c dq +
γ
b dp− ϑbcde
)
,
dq˜ = coshωdq + sinhωω
(
cβdt − γb de+ cϑb dp
)
,
dp˜ = coshωdp + sinhωω
(
bγdt + βc de− bϑc dq
)
de˜ = coshωde + sinhωω (−bγdq + cβdp+bcϑdt ) ,
(100)
where ω2 = β2+ γ2−ϑ2. Note immediately that if γ = ϑ = 0, these redue to the
usual speial relativity equations. It may be diretly veried that these equations
leave invariant the sympleti metri
−de˜ ∧ d t˜+d p˜ ∧ d q˜ = −de ∧ dt+dp ∧ dq (101)
and the Born-Green metri line element in (30). The group is a matrix group with
elements dz˜ = Ξ(β, γ, ϑ)dz realized by the matrix
Ξ(β, γ, ϑ) =


coshω β sinhωωc
γ sinhω
ωb −ϑ sinhωωbc
cβ sinhω
ω coshω
c ϑ sinhω
bω
−γ sinhω
ωb
bγ sinhω
ω − bϑ sinhωcω coshω β sinhωcω
bcϑ sinhω
ω
−bγ sinhω
ω
cβ sinhω
ω coshω

 (102)
In order that the transformations are hyperboli and not the usual sine or osine
funtions that would result in osillations, we must have ω2 = β2 + γ2 − ϑ2 ≥ 0.
This formalism is equivalent to the disussion in the main body of text by dening
the parameterization
v =
cβ
ω
tanhω, f =
bγ
ω
tanhω, r =
bcϑ
ω
tanhω (103)
Then, dene
w2 =
(v
c
)2
+
(
f
c
)2
−
( r
bc
)2
= (tanhω)2 (104)
Note that ω ≥ 0 implies that ds2 ≤ 0. It follows immediately that coshω =
(1− w2)−1/2 and sinhω = w(1 − w2)−1/2 . Also note that
β
ω
=
v
cw
,
γ
ω
=
f
bw
,
ϑ
ω
=
r
bcw
(105)
Equation (32) follows diretly.
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